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Leture notes on the Ein-Popa extension result
Nefton Pali
Abstrat
These are leture notes on a reent remarkable preprint of Ein-Popa,
whih simplies the algebrai proof of the nite generation of the anonial
ring given by the team BCHM. The Ein-Popa extension result has been
translated in the analyti language by Berndson-Paun and Paun. In these
notes we follow the analyti language used in Berndson-Paun and Paun.
The author of this manusript does not laim any originality of the main
ideas and arguments whih are due to Ein-Popa, based in their turn in
the ideas of Haon-MKernan, Takayama and Siu.
1 The Ein-Popa extension result
Let X be a omplex manifold. The multiplier ideal sheaf I(θ) ⊂ OX assoiated
to a losed positive (1, 1)-urrent θ is the sheaf of germs of holomorphi funtions
f ∈ Ox suh that ∫
Ux
|f |2e−ϕ < +∞ ,
where ϕ is a loal potential of the urrent θ = i2pi∂∂¯ϕ over some neighborhood
Ux of the point x. Let Z ⊂ X be a smooth hypersurfae. If the restrition
of the loal potentials of θ to Z is not identially −∞ on any loal onneted
omponent of Z we an also dene the multiplier ideal sheaf I(θ|Z) ⊂ OZ in a
similar way. In this setting we introdue the adjoint ideal sheaf IZ(θ) ⊂ I(θ)
of germs of holomorphi funtions f ∈ I(θ)x suh that∫
Z∩Ux
|f |2e−ϕ < +∞ .
We will use also the analogue notations I(ψ|Z) ⊂ OZ , IZ(ψ) ⊂ I(ψ) with
respet to a global quasi-plurisubharmoni funtion ψ whih is not identially
−∞ on any onneted omponent of Z. We observe now the following laim.
Claim 1 Let Z ⊂ X be a smooth and irreduible hypersurfae inside a omplex
projetive manifold X and let L be a line bundles over X suh that the lass
c1(L) admits a Kähler urrent θ with well dened restrition θ|Z . Then the
restrition map
H0 (X , OX(KX + Z + L)⊗ IZ(θ)) −→ H
0
(
Z , OZ(KZ + L|Z)⊗ I(θ|Z)
)
,
is surjetive.
This laim is a diret onsequene of the adjuntion formula and the singu-
lar version of the Ohsawa-Takegoshi-Manivel extension theorem [Pal℄, [M-Va℄,
[Man℄, [Dem2℄,[Oh-Ta℄, [Oh℄.
We will note by λ(θ, A) := infx∈A λ(θ)x the generi Lelong number of θ along
an irreduible omplex analyti set A ⊂ X . Similar notations λ(ψ)x and λ(ψ,A)
will be employed also for global quasi-plurisubharmoni funtions. We remind
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that a quasi-plurisubharmoni funtions ψ is alled with analyti singularities
if it an loally be expressed as
ψ = c log
∑
j
|hj|
2 + ρ ,
with c ∈ R>0, hj holomorphi funtions and ρ a bounded funtion. A losed
positive (1, 1)-urrent is alled with analyti singularities is its loal potentials
has this property. We remind the following well known (from algebrai geome-
ters) laim (see also [Be-Pa℄, [Pau2℄ for a similar statement).
Claim 2 Let B ⊂ Cn be an open ball, let V ⊂ B be a hyperplane, let v = 0
be its equation and let ψ be a quasi-plurisubharmoni funtion with analyti
singularities over B whih is not identially −∞ over V and let
ΛΩ := sup
x∈Ω
λ(ψ)x < +∞ ,
for any relatively ompat open set Ω ⊂⊂ B. Then
Iε,δ :=
∫
Ω
|v|−2(1−ε)e−δψ < +∞ ,
for all ε ∈ (0, 1) and δ ∈ (0, 2/ΛΩ).
Proof . The assumptions on the restrition to V of the funtion
ψ = c log
∑
j
|hj|
2 + ρ ,
implies the existene of a blow-up map µ : (v, ζ) 7→ (v, z) suh that
ψ ◦ µ = c log |ζα|2 +R ,
with α ∈ Zn−1≥0 and R a bounded funtion. This last equality follows from
the fat that we an onstrut the blow-up map µ in a way that the sheaf
µ∗
∑
j O ·hj is invertible. Moreover we an also assume that the Jaobian J(µ)
of µ equal to a monomial ζβ , β ∈ Zn−1≥0 up to an invertible fator. On the other
hand Skoda's lemma implies
+∞ >
∫
Ω
e−δψ =
∫
µ−1(Ω)
|ζα|−2cδ |J(µ)|2 e−δR ,
for all δ ∈ (0, 2/ΛΩ). Thus Fubini's formula implies that the integrability of the
funtion fδ := |ζα|−2cδ|ζβ |2 is a suient ondition for the onvergene of the
integrals Iε,δ. 
We prove now the following analyti version of the Ein-Popa [Ei-Po℄ extension
result (see [Be-Pa℄ and [Pau2℄ for similar statements). The idea of the proof is
due to Ein-Popa [Ei-Po℄, based in their turn in the ideas of Haon-MKernan
[Ha-M1℄, [Ha-M2℄, Takayama [Tak℄ and Siu [Siu1℄, [Siu2℄. We will follow
losely the translation in the analyti language by Berndson-Paun [Be-Pa℄ and
Paun [Pau1℄, [Pau2℄.
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Lemma 1 Let X be a omplex projetive manifold, let Z ⊂ X be a smooth irre-
duible hypersurfae and let L be a holomorphi Q-line bundle over X suh that;
I) there exists a losed positive (1, 1)-urrent Θ ∈ c1(KX + Z + L) with well
dened restrition Θ|Z ,
II) there exists a deomposition of Q-line bundles L = OX(∆) + OX(D) + R,
where;
• ∆ =
∑N
j=1 λjZj is a divisor over X with λj ∈ Q ∩ [0, 1) and Zj ⊂ X distint
irreduible smooth hypersurfaes with normal rossing intersetion with Z suh
that Z ∩ Zj ∩ Zl = ∅ for all j 6= l.
• D is an eetive Q-divisor over X suh that Z is not one of its omponents
and R is a holomorphi Q-line bundle over X whih admits a Kähler urrent
ρ ∈ c1(R) with bounded loal potentials over Z.
Let also (Vt)
N ′
t=1 be the irreduible omponents of the family (Zj ∩ Z)
N
j=1 and
let m ∈ N>1 suh that mλj ∈ N for all j, mD is integral and mR is a holomor-
phi line bundle. Then for any setion
u ∈ H0
(
Z , m
(
KZ + L|Z
) )
,
with the vanishing property
div u − m

 N ′∑
t=1
λ(Θ|Z , Vt)Vt + D|Z

 ≥ 0 , (1.1)
there exists a setion
U ∈ H0
(
X , m(KX + Z + L)
)
, U|Z = u⊗ (dζ)
m ,
with ζ ∈ H0(X,O(Z)) suh that div ζ = Z.
Proof .
Notations. For all ν ∈ N we dene the integers
kν := max{k ∈ N : km ≤ ν} ,
and qν := ν − kνm = 0, ...,m− 1. Let ω > 0 be a Kähler form over X and set
ΩX :=
ωn
n!
, ΩZ :=
ωn−1|Z
(n− 1)!
,
We onsider now the ruial Ein-Popa deomposition [Ei-Po℄
OX(m∆) = L1 + · · ·+ Lm−1 ,
with Lk := OX(∆k) and with
∆k :=
∑
mλj=k
Zj ,
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for all k = 1, ...,m− 1. Let hZj be smooth hermitian metris over OX(Zj), let
hLk be the indued smooth hermitian metri over Lk and let denote by hLke
−ϕk
the anonial singular hermitian metri assoiated to the divisor ∆k. We equip
the line bundle
Lm := OX(mD) +mR ,
with the singular hermitian metri hLme
−ϕm
suh that
2pim ( [D] + ρ) = i ChLm (Lm) + i∂∂¯ϕm .
(As before hLm is smooth.) Let also hZ be an arbitrary smooth hermitian metri
on O(Z). We equip the line bundle
Fm := m(KX + Z) +
m∑
j=1
Lj = m(KX + Z + L) ,
with the smooth hermitian metri
hm := Ω
−m
X ⊗ h
m
Z ⊗ hL1 ⊗ · · · ⊗ hLm .
Let (A, hA) be an ample line bundle over X with 0 < ωA := i ChA(A) and let
dene for all ν ∈ N the Siu-Demailly [Dem3℄, [Siu1℄, [Siu2℄ type line bundle
Lν := kνFm + qν(KX + Z) +
qν∑
j=0
Lj ,
with L0 := A. We equip the line bundle Lν with the smooth hermitian metri
Hν := h
kν
m ⊗ Ω
−qν
X ⊗ h
qν
Z ⊗ hL0 ⊗ hL1 ⊗ · · · ⊗ hLqν .
We hoose the line bundle (A, hA) suiently ample suh that;
(A1) for all q = 0, ...,m− 1 the line bundle Lq|Z ≡ qKZ + (L0 + · · ·+ Lq)|Z is
base point free, globally generated by some family (sq,j)
Nq
j=1 ⊂ H
0(Z,Lq|Z),
(A2) the restrition map H0(X,Fm +A) −→ H0(Z, Fm +A) is surjetive,
(A3) for all q = 0, ...,m− 1 hold the inequality i CHq (Lq) ≥ 2pimω.
We note by | · |ν the norm of the smooth hermitian metri
ΩνZ ⊗ h
kν
L1
⊗ · · · ⊗ hkνLm ⊗ hL0 ⊗ hL1 ⊗ · · · ⊗ hLqν ,
over the line bundle
Lν|Z ≡ νKZ + kν
m∑
j=1
Lj|Z +
qν∑
j=0
Lj|Z = νKZ + kνmL|Z +
qν∑
j=0
Lj|Z .
The assumption (A1) implies
max
0≤p,q≤m−1
max
Z
∑Nq
j=1 |sq,j |
2
q∑Np
t=1 |sp,t|
2
p
= C < +∞ .
We prove now the following laim (see also [Ei-Po℄, [Tak℄, [Be-Pa℄, [Pau1℄ and
[Pau2℄).
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Claim 3 Let u and ζ as in the statement of the lemma 1 and let
σν,j := u
kν ⊗ sqν ,j ∈ H
0(Z,Lν|Z) , j = 1, ...,Mν := Nqν .
Then for all ν ∈ N≥m there exists a family of setions (Sν,j)
Mν
j=1 ⊂ H
0(X,Lν)
suh that Sν,j|Z = σν,j ⊗ (dζ)
ν .
P roof . The proof of this laim goes by indution. The statement is obvious for
ν = m by the assumption (A2). So we assume it true for ν and we prove it for
ν + 1. We have
Lν+1 = kνFm + (qν + 1)(KX + Z) +
qν+1∑
j=0
Lj = KX + Z + Lν + Lqν+1 ,
if qν ≤ m− 2 and
Lν+1 = (kν + 1)Fm + L0 = KX + Z + Lν + Lm ,
if qν = m− 1. So in all ases hold the indution formula
Lν+1 = KX + Z + Lν + Lqν+1 .
We will equip the line bundle Lν + Lqν+1 with an adequate singular hermitian
metri with stritly positive urvature. For this purpose let (εν)ν , (δν)ν ⊂ (0, 1)
and onsider the Haon-MKernan deomposition [Ha-M1℄, [Ha-M2℄, [Be-Pa℄,
[Pau2℄
Lν + Lqν+1 = (1 − εν)Lqν+1 + ενLqν+1
+ (1 − δν)Lν + δν(kνFm + Lqν ) , (1.2)
in the ase qν ≤ m − 2. The ase qν = m − 1 will not present any diulty.
Let τν ∈ (0, k−1ν ). Aording to Demailly's regularising proess [Dem1℄, we
an replae the urrent Θ with a family of losed and real (1, 1)-urrents with
analyti singularities Θν ∈ {Θ}, Θν ≥ −τν ω, suh that the restritions Θν|Z
are also well dened and
λ(Θν|Z)z ≤ λ(Θ|Z)z ,
for all z ∈ Z and ν. This ombined with the ondition (1.1) implies
div u−m
N ′∑
t=1
λ(Θν|Z , Vt)Vt ≥ 0 . (1.3)
Let now ψν be a quasi-plurisubharmoni funtion with analyti singularities
suh that
2pimΘν = i Chm(Fm) + i∂∂¯ψν ,
let Bν :=
∑Mν
j=1 |Sν,j |
2
Hν
, let Φν := logBν and set
Ψν :=


(1− εν)ϕqν+1 + (1− δν)Φν + δν kν ψν , if qν ≤ m− 2 ,
ϕm +Φν , if qν = m− 1 .
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We show now that for adequate hoies of the parameters εν , δν the singular
hermitian line bundle
(Lν + Lqν+1 , Hν ⊗ hLqν+1e
−Ψν ) , (1.4)
is big and
σν+1,j ∈ H
0
(
Z , OZ(Lν+1|Z)⊗ I(Ψν|Z)
)
. (1.5)
Then the onlusion of the laim 3 will follow by applying the laim 1 to the
setion σν+1,j ⊗ (dζ)ν in order to obtain the required extensions Sν+1,j . We
distinguish again two ases.
Case qν ≤ m− 2. By (1.2) we infer the deomposition of the (1, 1)-urrent
i CHν (Lν) + i ChLqν+1 (Lqν+1) + i∂∂¯Ψν
= (1− εν)
[
i ChLqν+1 (Lqν+1) + i∂∂¯ϕqν+1
]
+ εν i ChLqν+1 (Lqν+1)
+ (1− δν)
[
i CHν (Lν) + i∂∂¯Φν
]
+ δν
[
i CHν (Lν) + kν i∂∂¯ψν
]
≥ εν i ChLqν+1 (Lqν+1) + δν
[
2pi kνmΘν + i CHqν (Lqν )
]
≥ εν i ChLqν+1 (Lqν+1) + 2pimδν(1 − kντν)ω ,
by the assumption (A3). We infer that if Cω > 0 is a onstant suh that
i Chj(Lj) ≥ −2piCω ω for all j = 1, ...,m− 1 then the bundle (1.4) is big as soon
as
εν < m(1− kντν)δν/Cω . (1.6)
On the other hand the relation σν+1,j = u
kν ⊗sqν+1,j , j = 1, ...,Mν+1 ombined
with the fat that
Bν |Y = |dζ|
2ν
ω,hZ
Mν∑
t=1
|ukν ⊗ sqν ,t|
2
ν ,
and with the denition of the onstant C implies
Iν+1 :=
∫
Z
|σν+1,j |
2
ν+1 e
−Ψν ≤ C′
∫
Z
|u|2kνδνh′m e
−(1−εν)ϕqν+1− δνkνψν , (1.7)
with h′m := Ω
−m
Z ⊗ hL1 ⊗ · · · ⊗ hLm . We onsider now the deomposition
2pimΘν|Z = 2pi[Wν ] + αν + i∂∂¯gν , (1.8)
with
Wν := m
N ′∑
t=1
λ(Θν|Z , Vt)Vt ,
with αν a smooth losed and real (1, 1)-form and with gν a quasi-plurisub
harmoni funtion with analyti singularities suh that λ(gν , Vt) = 0 for all
6
t = 1, ..., N ′.
In partiular gν is not identially −∞ over the sets Vt.
Then the the deomposition (1.8) ombined with the Lelong-Poinaré formula
implies
2pi([div u]− [Wν ]) = 2pi([div u]−mΘν|Z) + αν + i∂∂¯gν
= βν + i∂∂¯fν ,
with βν a smooth losed and real (1, 1)-form and with
fν := log |u|
2
h′m
− ψν + gν .
The ondition (1.3) rewrites as 0 ≤ div u −Wν . We infer that fν is a quasi-
plurisubharmoni funtion, thus bounded from above. We infer by (1.7) the
inequality
Iν+1 ≤ C
′
∫
Z
e−(1−εν)ϕqν+1+ δνkν(fν−gν) ≤ C′′
∫
Z
e−(1−εν)ϕqν+1− δνkνgν . (1.9)
On the other hand
Λν := sup
z∈Z
λ(gν)z < +∞ ,
sine Z is ompat. Thus the last integral in (1.9) is onvergent for all values
εν ∈ (0, 1) and
0 < δν < 2(kνΛν)
−1 , (1.10)
by the laim 2 and so the ondition (1.5) is satised in the ase qν ≤ m− 2.
Case qν = m− 1. In this ase the ondition (1.4) is obviously satised. On the
other hand the relation σν+1,j = u
kν+1 ⊗ s0,j ombined with the fat that
Bν |Y = |dζ|
2ν
ω,hZ
Nm−1∑
t=1
|ukν ⊗ sm−1,t|
2
ν ,
and the denition of the onstant C implies
Iν+1 ≤ C
′
∫
Z
|u|2h′me
−ϕm < +∞ , (1.11)
The onvergene follows from the ondition (1.1) and the fat that ρ has bounded
loal potentials along Z. This onludes the proof of the laim 3. 
End of the proof. The laim 3 implies that the singular hermitian line bundle(
Lkm , HkmB
−1
km
)
≡
(
kFm +A , h
k
m ⊗ hAB
−1
km
)
,
is pseudoeetive. So we have obtain the following;
i Chm(Fm) +
1
k
i ∂∂¯Φkm ≥ −
1
k
ωA , (1.12)
1
k
Φkm |Z = log |u|
2
h′m
+
1
k
log

|dζ|2kmω,hZ
N0∑
j=0
|s0,j |
2
hA

 . (1.13)
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Let hmF := hL1 ⊗ · · · ⊗ hLm , let ϕ∆ :=
1
m
∑m−1
j=1 ϕj and set
Ξk :=
m− 1
mk
Φkm + ϕ∆ +
1
m
ϕm .
Then the Q-deomposition
(m− 1)(KX + Z) +mL =
m− 1
m
Fm +∆+
1
m
Lm ,
ombined with the inequality (1.12) shows that the singular hermitian line bun-
dle (
(m− 1)(KX + Z) +mL , Ω
−(m−1)
X ⊗ h
m−1
Z ⊗ hmL e
−Ξk
)
,
is big as soon as
k > (m− 1)CA/ε , (1.14)
with ε , CA ∈ R>0 suh that ρ ≥ ε ω and ωA ≤ 2pimCA ω. On the other hand
the expression (1.13) and the ondition (1.1) imply∫
Z
|u|2h′me
−Ξk ≤ Ck
∫
Z
|u|
2/m
h′m
e−ϕ∆−ϕm/m ≤ C′k
∫
Z
e−ϕ∆ < +∞ ,
sine hL1 ⊗ · · · ⊗ hLm−1e
−mϕ∆
is the anonial metri assoiated to the integral
divisor m∆ and λj < 1. In onlusion we an apply the laim 1 to the setion
u⊗ (dζ)m−1 ∈ H0
(
Z , KZ + (m− 1)(KX + Z) +mL
)
,
in order to obtain the required lifting U of the setion u. 
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1.1 A perturbed extension statement
The Ein-Popa extension result [Ei-Po℄ previously explained modies quite di-
retly in a perturbed extension statement due to Paun [Pau2℄. We explain
now this statement. For any Q-line bundle/divisor E we x a smooth form
θE ∈ c1(E). We observe the following quite elementary fat.
Claim 4 Let A0 be an ample line bundle over a omplex projetive variety X
of omplex dimension n, let ω ∈ c1(A0), ω > 0, let Z, Zj ⊂ X, j = 1, ..., N be
irreduible divisors and let D be a Q-divisor over X. Let also C0 ∈ N>0 suh
that
θZ , θZj , θD , θKX ,
n− 1
pi
i∂∂¯ log distω(x, ·) ≥ −C0 ω ,
for all j = 1, ..., N and x ∈ X. Then for any holomorphi Q-line bundle R as
in the statement of the lemma 1, any m ∈ N>1 suh that mD, mR are integral
and any subset
S ⊂ {Zj : j = 1, ..., N} × {1, ...,m− 1} ,
the family of holomorphi line bundles (Lk)
m
k=1 dened by
Lk := OX(∆k) , ∆k :=
∑
Z∈Sk
Z , Sk := {Zj : j = 1, ..., N} × {k} ,
for all k = 1, ...,m−1 and Lm := OX(mD)+mR, satises the properties (AI),
I = 1, 2, 3 in the proof of the lemma 1 with respet to
A := m[2 + (N + 3)C0]A0 .
P roof . The inequality θLk ≥ −NC0 ω for all k = 1, ...,m− 1 implies
θLq ≥ θA − (m− 1)(N + 2)C0 ω , ∀q = 0, ...,m− 1 .
For q = m hold the inequality
ΘLm ≥ θA − (m− 1)(N + 2)C0 ω −mC0ω ,
where ΘLm ∈ c1(Lm) is a urrent with bounded potentials along Z. On the
other hand the Kawamata-Viehweg-Nadel vanishing theorem and the laim 1
imply that the properties (A1) and (A2) in the proof of the lemma 1 are satised
with respet to A in the statement of the laim 4. This hoie of A satises also
the property (A3). 
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Corollary 1 Let X be a omplex projetive manifold, let Z ⊂ X be a smooth
irreduible hypersurfae, let A0 be an ample line bundle over X, let ω ∈ c1(A0),
ω > 0 and let L be a holomorphi Q-line bundle over X whih admits a deom-
position as
L = OX(∆) +OX(D) +R ,
where;
◮ ∆ =
∑N
j=1 λj Zj is a divisor over X with λj ∈ Q∩ [0, 1) and Zj ⊂ X distint
irreduible smooth hypersurfaes with normal rossing intersetion with Z suh
that Z ∩ Zj ∩ Zl = ∅ for all j 6= l,
◮ D is an eetive Q-divisor over X suh that Z is not one of its omponents
and the omponents (Γp)
Q
p=1 of the restrited divisor D|Z does not interset the
irreduible omponents (Vt)
N ′
t=1 of the family (Zj ∩ Z)
N
j=1,
◮ R is a holomorphi Q-line bundle over X suh that there exists a Kähler
urrent ρ ∈ c1(R) with ρ ≥ εω, ε ∈ R>0 and with bounded loal potentials along
Z.
• Let C0 ∈ N>0 as in the statement of the laim 4, let
C1 := 2 + (N + 3)C0 , C2 := NC0C1 , λ := max
1≤j≤N
λj .
• Let m ∈ N>1, suh that m∆, mD are integral, mR is a holomorphi line
bundle and
m ≥
1
2C2(1− λ)⌈1/ε⌉
.
• Let V :=
∑N ′
t=1 Vt, let Γ :=
∑Q
p=1 Γp and let η ∈ R>0 suh that η < 1/mult(Γ).
Assume the existene of a losed (1, 1)-urrent Θ ∈ c1(KX+Z+L) with analyti
singularities and with well dened restrition Θ|Z suh that
Θ ≥ −
1
2C1⌈1/ε⌉
1
m
ω . (1.15)
Then for any u ∈ H0
(
Z , m
(
KZ + L|Z
) )
with the vanishing property
div u − m

 N ′∑
t=1
λ(Θ|Z , Vt)Vt + D|Z

 ≥ − 1
3C2⌈1/ε⌉
V − ηΓ , (1.16)
there exists a setion
U ∈ H0
(
X , m(KX + Z + L)
)
, U|Z = u⊗ (dζ)
m ,
with ζ ∈ H0(X,O(Z)) suh that div ζ = Z.
Proof . We repeat the proof of the lemma 1 with some very little modiations.
The data (λj)j determines a set S as in the statement of the laim 4. Thus the
onditions (AI), I = 1, 2, 3 in the proof of the lemma 1 are satised with respet
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to A in statement of the laim 4. We perform the indution of the laim 3 for
the steps ν = m, ..., k¯m, with k¯ := mC1⌈1/ε⌉.
The ase qν ≤ m− 2. We replae the urrents Θν in the proof of the lemma 1
with the urrent Θ ≥ −τ ω,
τ :=
1
2k¯
,
and we reonsider the onditions needed for the parameters εν ≡ ε¯ > 0, δν ≡
δ¯ > 0. With the notations of the laim 4 hold the inequality θLk ≥ −NC0 ω.
We infer that in our setting the ondition (1.6) on the bigness of the singular
hermitian line bundle (1.4) beomes
0 < ε¯ <
m(1− kντ)δ¯
NC0
.
We observe that the inequality 1− kντ > 0 is satised for all ν = m, ..., k¯m by
our denition of τ > 0. So a rst ondition on ε¯ is
ε¯ <
m(1− k¯τ)δ¯
NC0
.
Let now ψ, W , α and g orrespond respetively to ψν , Wν , αν and gν in the
proof of the laim 3 and let ϕV , ϕΓ suh that
2pi[V ] = θV + i∂∂¯ϕV , 2pi[ Γ ] = θΓ + i∂∂¯ϕΓ ,
for some smooth (1, 1)-forms θV and θΓ. Let
µ :=
1
3C2⌈1/ε⌉
.
This denition implies the inequality
µ < mmin
{
1/k¯ − τ
NC0
, 1− λ
}
, (1.17)
by our hoie of m. By the vanishing ondition (1.16) and the Lelong-Poinaré
formula we infer
0 ≤ 2pi ([div u−W + µV + ηΓ])
= 2pi
(
[div u+ µV + ηΓ]−mΘ|Z
)
+ α+ i∂∂¯g
= β + i∂∂¯f ,
with β a smooth (1, 1)-form and with
f := log |u|2h′m − ψ + g + µϕV + ηϕΓ ,
quasi-plurisubharmoni, thus bounded from above. We infer
Iν+1 ≤ C
′
∫
Z
e−(1−ε¯)ϕqν+1 + δ¯kν(f−g−µϕV −ηϕΓ)
≤ C′′
∫
Z
e−(1−ε¯)ϕqν+1 − δ¯kνµϕV − δ¯kν(g+ηϕΓ) . (1.18)
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Let
Λη := sup
z∈Z
λ(g + ηϕΓ)z < +∞ .
By the laim 2 the integral (1.18) is nite if δ¯kνµ < ε¯ and δ¯ < 2(kνΛη)
−1
for
all ν = m, ..., k¯m. So we take ε¯ and δ¯ suh that
δ¯k¯µ < ε¯ <
m(1− k¯τ)δ¯
NC0
, 0 < δ¯ < 2(k¯Λη)
−1 .
The existene of ε¯ follows from the inequality (1.17).
The ase qν = m − 1. We onsider the deomposition ϕm = ϕmD + ϕmρ,
where ϕmD and ϕmρ are potentials orresponding respetively to the losed
positive urrents 2pi[mD] and 2pimρ. The vanishing ondition (1.16) and the
Lelong-Poinaré formula imply
0 ≤ 2pi
(
[div u−mD|Z + µV + ηΓ]
)
= β˜ + i∂∂¯f˜ ,
with β˜ a smooth (1, 1)-form and with
f˜ := log |u|2h′m − ϕmD + µϕV + η ϕΓ ,
quasi-plurisubharmoni, thus bounded from above. We infer
Iν+1 ≤ C˜
′
∫
Z
|u|2h′me
−ϕm = C′
∫
Z
ef˜−ϕmρ−µϕV −η ϕΓ ≤ C˜′′
∫
Z
e−µϕV−η ϕΓ < +∞ ,
sine µ < 1, sine the singular part of ϕV does not interset with the singular
part of ϕΓ and sine ϕmρ is bounded along Z by assumption.
End of the proof. The onstant CA > 0 in the proof of the lemma 1 or-
responds to C1. We infer that the ondition (1.14) beomes k > (m − 1)C1/ε,
whih is satised by our hoie of the integer k¯. On the other hand∫
Z
|u|2h′me
−Ξk¯ ≤ Ck
∫
Z
|u|
2/m
h′m
e−ϕ∆−ϕm/m
= Ck
∫
Z
e−ϕ∆+ (f˜ −ϕmρ−µϕV − η ϕΓ)/m
≤ C′k
∫
Z
e−ϕ∆−µϕV /m− η ϕΓ/m < +∞ ,
sine λj + µ/m < 1 for all j = 1, ..., N by the inequality (1.17) and sine the
singular part of ϕ∆+µϕV /m does not interset with the singular part of ϕΓ by
our assumption on the omponents of the divisor D|Z . 
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2 Appliations to the Non-Vanishing
In this setion we will disuss the issues related with the appliation of the
perturbed extension statement of Ein-Popa type to the following fundamental
Non-Vanishing result due to the team BCHM [BCHM℄. Let X be a omplex
projetive manifold. We will onsider the Neron-Severi lattie and the assoiated
real Neron-Severi spae
NS(X) := H1,1(X,R) ∩ (H2(X,Z)/{torsion}) ,
NSR(X) := NS(X)⊗Z R .
Theorem 1 (Non-Vanishing result).
Let X be a omplex projetive manifold and let α ∈ NSR(X) admitting a Käh-
ler urrent θ ∈ α with I(θ) = OX and suh that the (1, 1)-ohomology lass
c1(KX) + α is pseudoeetive. Then there exist a non zero eetive R-divisor
D suh that
[D] ∈ c1(KX) + α .
2.1 Shokurov's modiation of the manifold
The following onstrution is essentially due to Shokurov. The slight modia-
tion explained here is similar to the one explained in [Pau2℄.
Lemma 2 Under the assumptions of the Non-Vanishing theorem 1 and under
the assumption that the Non-Vanishing theorem 1 hold true over any omplex
projetive manifold of dimension dim
C
X − 1 there exist;
• a birational morphism µ : X̂ → X of omplex projetive manifolds and a
Kähler form ω̂ over X̂,
• nitely many smooth and irreduible hypersurfaes Z ,Zj ⊂ X̂, j ∈ I as in the
in the statement of the lemma 1 suh that the sets Vj := Zj ∩ Z are irreduible
for all j ∈ I.
• a (1, 1)-ohomology lass α̂ := {[∆]}+ κ, with
∆ =
∑
j∈I
aj Zj , (aj)j∈I ⊂ (0, 1)
and with κ ∈ NSR(X̂) a Kähler lass, suh that the following hold:
◮ there exist a sequene (εl)l ⊂ (0, 1), εl ↓ 0 as l → +∞ and losed (1, 1)-
urrents
Θ̂l ∈ c1(K bX + Z) + α̂ , Θ̂l ≥ −εl ω̂ ,
with well dened restrition Θ̂l|Z ,
◮ there exist an eetive R-divisor G over Z suh that [G] ∈ c1(KZ) + α̂|Z and
suh that for all l ∈ N,
G −
∑
j∈I−
λ(Θ̂l|Z , Vj)Vj −
∑
j∈I+
aj Vj ≥ 0 , (2.1)
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with respet to a deomposition I = I+ ∐ I− independent of l,
◮ there exist an eetive R-divisor F over X̂ and r ∈ R>1 suh that
c1(K bX + Z) + α̂+ {[F ]} = r µ
∗
(
c1(KX) + α
)
+ {[E]} , (2.2)
with O bX(E) := K bX − µ
∗KX .
Proof.
(A) Set up and notations.
Let ω > 0 be a Kähler form inside a rational lass and let ε0 ∈ R>0 suh that
θ ≥ ε0 ω. By means of Demailly's regularisation proess we an assume without
lost of generality that the loal potentials of the urrent θ are with regular
analyti singularities and its Lelong numbers are rational. In fat Demailly's
regularisation proess preserves the onditions θ ≥ ε′ω, for some ε′ ∈ (0, ε0) and
I(θ) = OX . Let Θ ∈ c1(KX) +α be a losed positive (1, 1)-urrent and x now
a point x0 ∈ X suh that the loal potentials of θ and Θ are bounded at the
point x0. By standard fats one infers the existene of p ∈ N>0 and of a losed
positive urrent
H ∈ β := p
(
c1(KX) + α
)
+ α ,
with regular analyti singularities and rational Lelong numbers suh that
λ(H,x0) ≥ n+ 1 ,
n = dimCX . By means of the Hironaka desingularisation result we an nd a
birational morphism µ : X̂ → X of projetive manifolds whih fators through
the blow up map of x0 and suh that;
K bX = µ
∗KX + E , E :=
∑
j∈J¯
ejZj , ej ∈ Z≥0 , Zj0 := µ
−1(x0) ,
with (Zj)j∈J¯ a nite family of distint and smooth irreduible hypersurfaes
with simple normal rossings suh that Zj ∩ Zk ∩ Zl = ∅ for all j 6= k 6= l 6= j,
suh that Zj ∩ Zk are irreduible for all j, k and suh that,
µ∗θ =
∑
j∈J¯
θj [Zj ] +Rθ , θj ∈ Q≥0 , θj0 = 0 , Rθ ≥ ε
′µ∗ω smooth,
µ∗H =
∑
j∈J¯
hj [Zj ] +RH , hj ∈ Q≥0 , hj0 ≥ n+ 1 , RH ≥ 0 smooth.
Notie also that ej0 = n − 1 sine µ fators through the blow up map of x0.
Consider now the deomposition
µ∗Θ =
∑
j∈J¯
λj [Zj ] +RΘ , λj := λ(µ
∗Θ , Zj) ∈ R≥0
whith RΘ a losed positive (1, 1)-urrent suh that λ(RΘ , Zj) = 0 by onstru-
tion. Notie that λj0 = 0 by our hoie of the point x0. Let ω̂ > 0 be a
Kähler form over X̂. Let now τ ∈ Q ∩ (0, 1) and apply the µ∗-funtor to the
deomposition
c1(KX) + τβ + (1 − τ)α = (τp+ 1)
(
c1(KX) + α
)
,
14
(also onsidered in Paun [Pau2℄) we infer the ohomology identity
c1(K bX) + µ
∗
(
τβ + (1− τ)α
)
− {[E]} = (τp+ 1)µ∗
(
c1(KX) + α
)
. (2.3)
Let ζj ∈ {Zj} be a smooth representative, let δj ∈ Q>0 and set
ω̂δ := τRH + (1− τ)Rθ −
∑
j∈J¯
δj ζj ≥ ε
′µ∗ω −
∑
j∈J¯
δj ζj ,
aj := τ(hj − θj − pλj)− λj + θj − ej + δj ,
bj := τ(hj − θj) + θj − ej + δj ,
We remind that there exist δω,ζ ∈ R>0 suh that
ε′µ∗ω −
∑
j∈J¯
δj ζj > 0 ,
for all δj ∈ (0, δω,ζ). We infer by (2.3) the identities
c1(K bX) +
∑
j∈J¯
aj {[Zj]}+ {ω̂δ} = (τp+ 1){RΘ} , (2.4)
c1(K bX) +
∑
j∈J¯
bj {[Zj]}+ {ω̂δ} = (τp+ 1)µ
∗
(
c1(KX) + α
)
. (2.5)
(B) Tie breaking.
The assumption I(θ) = OX is equivalent to the inequality θj − ej < 1 for all
j ∈ J¯ , whih implies
− λj + θj − ej < 1 , ∀j ∈ J¯ . (2.6)
On the other hand the inequality hj0 − θj0 − pλj0 = hj0 ≥ n+ 1 > 0 implies
j0 ∈ I := {j ∈ J¯ : hj − θj − pλj > 0} 6= ∅ .
Let dene now
cδj :=
1 + λj − θj + ej − δj
hj − θj − pλj
> 0 ,
for all j ∈ I. We hoose δj ∈ Q>0, j ∈ J¯ suh that
− λj + θj − ej + δj < 1 , ∀j ∈ J¯ , (2.7)
there exist a unique j1 ∈ I suh that
0 < τ := min
j∈I
cδj < c
δ
j , ∀j ∈ I r {j1} (2.8)
and suh that
ε′
n+ 1
µ∗ω −
∑
j∈J
δj ζj > 0 . (2.9)
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We notie that
0 < τ ≤ cδj0 =
n− δj0
hj0
<
n
n+ 1
< 1 ,
and that ω̂δ > 0 by the ondition (2.9). The main up-shot of this hoie of δ
(usually alled tie break) is that the ondition (2.8) implies aδj1 = 1 and a
δ
j < 1
for all j ∈ J := J¯ r {j1}. This will allow us to restrit ertain urrents in an
adequate way over the hypersurfae Z := Zj1 .
(C) Restrition and weak limit extration.
Let κ := {ω̂δ} be the required Kähler lass, let I := {j ∈ J : aj > 0} and let
dene the lass α = {[∆]} + κ with respet to this data as in the statement of
the lemma 2. We onsider now a family of losed and real (1, 1)-urrents with
analyti singularities
(RεΘ)ε∈(0,1) ∈ {RΘ} , R
ε
Θ ≥ −ε ω̂ , λ(R
ε
Θ , Zj) = 0 , ∀j ∈ J¯ .
obtained by regularising the urrent RΘ. We infer in partiular the existene of
the restrition
RεΘ |Z ≥ −ε ω̂|Z . (2.10)
The fat that
(RεΘ |Z)ε∈(0,1) ∈ {RΘ}|Z ,
ombined with the weak ompatness of the mass imply the existene of a se-
quene (εl)l ⊂ (0, 1) , εl ↓ 0 as l → +∞ and a losed positive urrent
Ξ ∈ {RΘ}|Z ,
suh that RεlΘ |Z + εl ω̂|Z −→ Ξ weakly as l → +∞. Then the semi-ontinuity of
the Lelong numbers implies
λ(Ξ, Vj) ≥ λ(R
εl
Θ |Z , Vj) , (2.11)
for all j ∈ J and all l. On the other hand the identity (2.4) implies that the
urrent
Θ̂l :=
∑
j∈JrI
−aj[Zj ] + (τp+ 1)R
εl
Θ ,
satises all the requirements in the statement of the lemma 2. Moreover by
restriting the identity (2.4) to Z we infer
Θ̂Z :=
∑
j∈JrI
−aj [Vj ] + (τp+ 1)Ξ ∈ c1(KZ) + α|Z .
We deompose the urrent Ξ as
Ξ =
∑
j∈I
λ(Ξ, Vj) [Vj ] + RΞ ,
and we rewrite the losed positive urrent Θ̂Z as
Θ̂Z =
∑
j∈I
ξj [Vj ] + R̂Ξ ∈ c1(KZ) + α|Z , (2.12)
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with ξj := (τp+ 1)λ(Ξ, Vj) and with
R̂Ξ :=
∑
j∈JrI
−aj[Vj ] + (τp+ 1)RΞ .
(D) Appliation of the non-vanishing in dimension one less.
Let µj := ξj − aj for all j ∈ I. The identity (2.12) implies∑
j∈I
µj [Vj ] + R̂Ξ ∈ c1(KZ) + κ|Z . (2.13)
Let I+ := {j ∈ I : µj > 0}, let I− := IrI+ and let dene the (1, 1)-ohomology
lass
αZ :=
∑
j∈I−
−µj {[Vj ]} + κ|Z .
We observe that 0 ≤ −µj ≤ aj < 1 for all j ∈ I− and that the (1, 1)-ohomology
lass c1(KZ) + αZ is pseudoeetive sine
0 ≤
∑
j∈I+
µj [Vj ] + R̂Ξ ∈ c1(KZ) + αZ ,
by the identity (2.13). Thus the non-vanishing assumption in dimension on
less implies the existene of an eetive R-divisor Γ over Z suh that [Γ] ∈
c1(KZ) + αZ . On the other hand the deomposition
α̂|Z = αZ +
∑
j∈I−
ξj {[Vj ]} +
∑
j∈I+
aj {[Vj ]} ,
implies that the eetive R-divisor
G := Γ +
∑
j∈I−
ξj Vj +
∑
j∈I+
aj Vj ,
satises [G] ∈ c1(KZ) + α̂|Z . It also satises the vanishing ondition (2.1) sine
ξj ≥ (τp+ 1)λ(R
εl
Θ |Z , Vj) = λ(Θ̂l|Z , Vj) ,
for all j ∈ I− and l, by the inequality 2.11.
(E) End of the proof of the Shokurov's lemma.
The identity (2.5) deomposes as (2.2) with respet to r := τp+ 1 and
F :=
∑
j∈I∪{j1}
(rλj + ej)Zj +
∑
j∈JrI
[τhj + (1− τ)θj + δj]Zj .

2.2 Diophantine approximation
The following lemma follows from quite elementary fats from linear algebra
and diophantine approximation. The elementary details are left to the reader.
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Lemma 3 Let
• ∆ =
∑
j∈I ajZj be an eetive Q-divisor over a omplex projetive manifold
X̂ suh that ⌊∆⌋ = 0,
• Z ⊂ X̂ be a smooth and irreduible hypersurfae whih is not a omponent of
the divisor ∆ and Vj := Z ∩ Zj are distint and irreduible for all j ∈ I,
• α̂ := {[∆]} + κ be a (1, 1)-ohomology lass, with κ ∈ NSR(X̂) a Kähler lass
suh that there exist an eetive R-divisor G over Z with the properties
[G] ∈ c1(KZ) + α̂|Z ,
and
G −
∑
t∈I−
ξt Vt −
∑
t∈I+
at Vt ≥ 0 , ξt ∈ R≥0 , I = I+ ∐ I− .
For any norm ‖ · ‖ on the nite dimensional vetor spae NSR(X̂) there exist a
onstant C > 0, a sequene (mp)p∈N>0 ⊂ N>0 and nite families (A
j,p)
Np
j=1 of
ample Q-line bundles over X̂ suh that for all p ∈ N>0,
◮ mp∆ is integral, mpA
j,p
is a line bundle and∥∥c1(Aj,p)− κ∥∥ ≤ C
pmp
,
for all j = 1, ..., Np.
◮ there exist rj,p ∈ R>0 suh that
κ =
Np∑
j=1
rj,p c1(A
j,p) , and
Np∑
j=1
rj,p = 1 ,
◮ if we set Lj,p := O bX(∆) + A
j,p
for all j = 1, ..., Np, there exist an eetive
R-divisor
[Gj,p] ∈ c1(KZ + L
j,p) ,
with the vanishing property
Gj,p −
∑
t∈I−
ξt Vt −
∑
t∈I+
at Vt ≥ −
C
mpp
∑
t∈I−
Vt .
2.3 Shokurov's onstrution of setions
We remind now a well known fat due to Shokurov (see for example [Pau2℄).
Claim 5 Let L be a holomorphi Q-line bundle over a polarised onneted
omplex projetive manifold (Z, ω) whih admits a losed positive (1, 1)-urrent
θ ∈ c1(L) suh that θ ≥ εω for some ε ∈ R>0 and suh that I(θ) = OZ . If there
exists an eetive Q-divisor G over Z suh that [G] ∈ c1(KZ + L) then
h0(Z,m(KZ + L)) > 0 ,
for all m ∈ N>0 suh that mL is a holomorphi line bundle and mG is integral.
Moreover if there exists an eetive and simple normal rossing R-divisor V
over Z suh that G− V ≥ 0, then there exists a non zero setion
u ∈ H0(Z,m(KZ + L)) , div u − ⌊(m− 1)V ⌋ ≥ 0 . (2.14)
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Proof . There exist a at hermitian line bundle F and a non zero setion
σ ∈ H0(Z,m(KZ + L) + F ) ,
suh that mG = div σ. Set
L := (m− 1)(KZ + L) + L ,
and observe the obvious identity m(KZ + L) = KZ + L. We dene the urrent
θG := (m− 1)[G] + θ ∈ c1(L) = c1(L+ F ) , θG ≥ εω ,
and we observe that σ ∈ H0(Z , SF ), with
SF := S ⊗OZ OZ(F ) , S := OZ(KZ + L)⊗OZ I(θG) .
In fat let h be a smooth hermitian metri over
m(KZ + L) + F = KZ + L+ F ,
and let γh ∈ c1(KZ+L) be its normalised urvature form. Let α ∈ c1(L) smooth
and let write θ = α+ i2pi∂∂¯ϕθ. The Lelong-Poinaré formula implies
θG =
m− 1
m
γh + α+
i
2pi
∂∂¯ϕG , ϕG :=
m− 1
m
log |σ|2h + ϕθ .
Then ∫
Z
|σ|2h e
−ϕG =
∫
Z
|σ|
2/m
h e
−ϕθ ≤ C
∫
Z
e−ϕθ < +∞ ,
implies σ ∈ H0(Z , SF ). By applying the Kawamata-Viehweg-Nadel vanishing
theorem to the line bundles L and L+ F we infer
hq(Z , S) = hq(Z , SF ) = 0 , ∀q > 0 .
Thus
h0(Z , S) = χ(Z , S) = χ(Z , SF ) = h
0(Z , SF ) > 0 ,
sine F is topologially trivial. Moreover the inlusion
I(θG) ⊂ I((m − 1)[V ]) = OZ(−⌊(m− 1)V ⌋) ,
implies the existene of the required setion u. 
Conlusion. It seem lear at this point that the magnitude of the vanishing
error of type (2.14) produed by a ombination of diophantine approximation
with Shokurov's onstrution of setions is muh bigger than the magnitude
of the vanishing error allowed by the extension ondition (1.16) of orollary 1.
To be more preise we want to apply laim 5 in the setting of lemma 2 after
appliation of the diophantine approximation of lemma 3. Therefore we want
to apply the laim 5 with L := Lj,p and with
V =
∑
t∈I
βt Vt :=
∑
t∈I−
(
ξt +
C
mpp
)
Vt +
∑
t∈I+
at Vt .
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The trivial identity
βt −
1
mp
⌊(mp − 1)βt⌋ =
1
mp
βt +
1
mp
[
(mp − 1)βt − ⌊(mp − 1)βt⌋
]
,
shows that the error
1
mp
βt ≤ βt −
1
mp
⌊(mp − 1)βt⌋ ,
does not allow to apply the ondition (1.16) in orollary 1 to the setion u
produed by laim 5. We observe furthermore that if one let m → +∞ the
ondition (1.15) in orollary 1 fore a priori a blow-up of the generi Lelong
numbers ξt = λ(Θ|Z , Vt) and therefore a blow-up of βt, t ∈ I−. We observe
nally that the situation I+ = ∅ my our in lemma 2.
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